Kohn-Sham Equations



Kohn-Sham equations

Previously: Recap 7

System defines Hamilton operator I:I
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= z I A Kinetic energy of the electrons
Zie? .
> T — Coulomb nuclei-electrons
Coulomb electrons-electrons
2 Zie” . .
+uz>:x im0 R, R Coulomb nuclei-nuclei
Resulting wave function U = \I'(I‘l, ro,rs,..., I‘n) Impractical: 3N-dimensional!

Now:
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- No summation over I: system of non-interacting electrons of | equations



Terms

h2
2
——V "+ V(r)+ Vy(r) + Vxc(r) | ¥i(r) = €;9;(r)
2Me
Kinetic energy Hartree
of the electron: potential
unchanged
External Exchange-Correlation
potential potential (“everything else”): unknown

nudging electrons towards real density

r
Vi = 62/ IO( ) dr’ circular

v — 1’|




Procedure

1. Estimate rough electron density (“initial guess”)

2. Solve Kohn-Sham equations using density estimate for single-particle wave functions
3. Calculate electron density from all solutions

4. Repeat 2/3 until the density does not change (by some metric)

- Called self-consistent procedure (“converging”)
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Problems

- KS orbital energies have no physical meaning

- Electrons self-interact (so-called self-interaction error, SIE)
- Orbitals are too delocalized

- No globally reliable functional

- Long-range / Many-body effects

- Dispersion

- Reaction barriers

- Strongly correlated systems: stretched H,*
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Hartree-Fock



Hartree-Fock

Mean-field theory to solve the electronic Schrodinger equation
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U(r;R) = E,¥(r;R)
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T.(r) + Ven(1:R) + Van(R) + Vee(r) | (s R) = Eo¥(r;R)



Hartree-Fock

Assuming non-interacting electrons yields Hartree product
‘I’HP(le X2, 1XN) — Xl(Xl)Xz(Xz) et XN(XN)

But this approach does not satisfy the antisymmetry principle
X1(x2)x2(x1) = —x1(x1)x2(x2)

With a Slater determinant however, it is. _
Slater determinant:

xi(x1) x2(x1) -+ xwn(x1) - Electrons are indistinguishable
- Every electron in every orbital
o i®l® X
U = s Xl(‘XQ) XQ(.XQ) . XN(‘ 2) - Equivalent to mean field treatment
vV N! : 2 e : - Satisfies Pauli exclusion
X1(XN) XQ(XN) _— XN(XN)




Hartree-Fock

Electronic energy expression

E., = (U|H,|T)

> ; . 1 Z
Ha =Y h(i) + 3 0(i, §) + Viw W) = —ov? -y A o(i, ) = —
i i<j 2 A TiA Tij
Can be cast in integral form
Enp = _(ilhl) + 5 > _lilj5] — [ijli] (t|h|7) = /dxlxz- (x1)h(r1)x;(x1)
7 1]

2j|kl] = /dxldX2Xf(X1)Xj(Xl)%xi(xz)m(xﬁ



Hartree-Fock

Solution

)i+ 3 | [ dal ()i i) -

i #Z {/ dXQXJ (XQ)XZ(XQ)”’EQ] X (x1) = €xi(x1)

Coulomb term Exchange term

Ji(x1) /dX2|X; (%2)[riy Kj(x1)xi(x1) = [/dX2X§(X2)T1_21Xi(X2) X;(X1)



Hartree-Fock

Solution

[h(xl) + Ti(x1) = > Kj(xa) | xa(x1) = exa(xa) (Ti(x1) — K;(x1)] xi(x1) =0
j#i j#i

[h(xl) + ZJG(Xl) —Kj(x1) | xi(x1) = €ixi(x1) Solved numerically by optimizing orthonormal orbitals
J

Fock operator 7



Hartree-Fock: Roothaan equations

Take

[h(xl) + z Ji(x1) — Kj(x1)

And solve In a basis set

K
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ZCW,/CZXIXM X1

Xi(x1) = €xi(x1)

f(x1) Z CuiXv(X1) = € Z CuiXv(x1)

x1) % (x1) = & 3 Coi [ dxa ()% (x1)

F, uCuz' — € S VCm'
| | >_Fu > Su

Fock matrix F),,,

Overlap matrix.S,,
FC = SCe
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